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Abstract

We propose a novel method for estimating nonseparable selection models.
We show that, given the selection rule and the observed selected outcome dis-
tribution, the potential outcome distribution can be characterized as the fixed
point of an operator, which we prove to be a functional contraction. We pro-
pose a two-step semiparametric maximum likelihood estimator to estimate the
selection model and the potential outcome distribution. The consistency and
asymptotic normality of the estimator are established. Our approach performs
well in Monte Carlo simulations and is applicable in a variety of empirical set-
tings where only a selected sample of outcomes is observed. Examples include
consumer demand models with only transaction prices, auctions with incom-

plete bid data, and Roy models with data on accepted wages.
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1 Introduction

Sample selection issues arise when the data available for analysis is not representative
of the entire population due to a selection process that systematically excludes certain
observations. For example, in consumer demand studies, researchers often only have
access to the transaction prices of chosen products, while the prices of non-selected
products remain unobserved (Goldberg, 1996; Cicala, 2015; Crawford et al., 2018;
Allen et al., 2019; Salz, 2022; Sagl, 2023; Cosconati et al., 2024). Similarly, in auctions,
data may include only the winning bids (or certain order statistics), excluding all other
submitted bids (Athey and Haile, 2002; Komarova, 2013; Guerre and Luo, 2019; Allen
et al., 2024). Sample selection issues have long been recognized in labor market studies
as well. For instance, wage data is typically available only for individuals who choose
to work (Gronau, 1974; Heckman, 1974), and, in the original Roy model (Roy, 1951),
which examines the occupational distribution of earnings, we observe earnings within
an occupation only for those who self-select into working in that sector.

Observing only a selected sample of outcomes—such as prices, bids, or wages—
presents significant challenges for estimating two key elements: (1) the model that
governs the selection process, such as a consumer demand model, an auction’s win-
ning rule, or a labor force participation model; and (2) the distribution of outcomes
prior to selection, often referred to as “potential outcomes” in the literature. Typi-
cally, it is assumed that potential outcomes are generated by an outcome equation,
which depends on both observable characteristics and unobservable error terms. Flex-
ibly estimating potential outcome distributions is crucial in many empirical contexts,
such as analyzing price distributions to understand firms’ pricing strategies and wage
distributions to examine inequality.

The first solution to sample selection bias is to use maximum likelihood estimation,
as in Heckman (1974) and Lee (1982, 1983), which relies heavily on distributional
assumptions regarding the error terms. More commonly employed methods for sample
selection models are two-step estimators proposed by Heckman (1976, 1979), which
introduce a correction term to account for the non-random nature of the sample. A
substantial body of theoretical work has been developed to relax the distributional
assumptions in the two stages of the estimation procedure (Ahn and Powell, 1993;
Andrews and Schafgans, 1998; Chen and Khan, 2003; Das et al., 2003; Newey, 2007,
2009; Chernozhukov et al., 2023). See also Vella (1998) for a comprehensive survey



on semi-parametric two-step estimation for selection models.

Our paper proposes a fundamentally different and novel approach to estimating
selection models where the outcome equation is nonparametric and nonseparable
in error terms. Rather than constructing a reduced-form bias correction term and
controlling it in the outcome equation, we directly analyze how the selection model
maps the potential outcome distributions to the distributions of selected outcomes
and seek to invert the mapping. The key insight of our approach is that, given
the selection model and potential outcome distributions across all alternatives, we
can derive the likelihood of an outcome being selected. Conversely, if this selection
likelihood were known, we could recover the potential outcome distributions from
the observed outcome distributions. This two-way relationship characterizes a fixed-
point problem. Building on this intuition, we construct an operator whose fixed
point represents the potential outcome distributions and show that this operator is a
functional contraction.

Formally, we consider a discrete choice problem in which each alternative is as-
sociated with a potential outcome distribution. A selection function maps a vector
of realized potential outcomes to a probability distribution over the alternatives. For
example, in the consumer demand setting, each alternative represents a product, and
the potential outcome is the offered price, with the selection function micro-founded
by the consumer’s utility maximization problem. We allow the outcome equations to
be fully nonparametric with nonseparable error terms and to vary flexibly across dif-
ferent alternatives. We assume that potential outcomes across different alternatives
are conditionally independent given observables.

Given the selection function, we construct an operator whose fixed point is the
potential outcome distributions. We establish sufficient conditions for it to be a
functional contraction (Theorems 1 and 2). Proving contraction within a function
space is challenging; to address this, we construct a metric in the same spirit as that
in Thompson (1963). Our results imply that, given the selection function and the
observed distributions of selected outcomes, we can nonparametrically recover the
potential outcome distributions. Moreover, this identification result is constructive:
starting with any initial guess for the potential outcome distributions, we iteratively
apply the operator. As the number of iterations approaches infinity, this process con-
verges to the potential outcome distributions associated with the selection function.

We propose a two-step semi-parametric maximum likelihood estimator for the



selection function, parameterized by a finite-dimensional parameter, and potential
outcome distributions. In the first step, we obtain a nonparametric estimate of the
selected outcome distribution directly from the data. Given this estimate, we use our
contraction result to recover the potential outcome distributions for any parameter
in the selection function. In the second step, we construct the model-implied choice
probabilities and match them with the data moments. Once we have an estimator for
the selection parameter, a plug-in estimator for the potential outcome distribution
can be readily obtained.

We establish the consistency and asymptotic normality of the proposed estimator
(Theorems 3 and 4). This is particularly challenging because the mapping from the
potential to the selected outcome distributions does not have a closed form. We prove
that this mapping is a homeomorphism, a key result in establishing consistency and
asymptotic normality.

To examine the finite sample properties of our estimator, we conduct Monte Carlo
simulations across various designs of the outcome equation. Our results show that the
biases in our estimator are generally small, and the standard deviation decreases as the
sample size increases across all simulation designs. Our nonparametric estimation of
the potential outcome distributions outperforms the standard two-step method when
the two-step method misspecifies the outcome equations. Notably, even when the
selection function is misspecified by econometricians, our method performs robustly
in estimating the potential outcome distributions.

Compared to the traditional two-step method, our approach offers several key
advantages. First, we allow for fully nonparametric estimation of potential outcome
distributions. Importantly, our approach accommodates nonseparable error terms
in the outcome equation, allowing for fully heterogeneous effects of covariates on
outcomes. Moreover, we impose no symmetry assumptions, allowing the potential
outcome distributions to vary flexibly across alternatives. Unlike most selection cor-
rection approaches that focus on estimating conditional mean models (e.g., Das et al.
(2003) and various other semi-parametric versions)', our goal is to recover the entire
outcome distribution with a flexible specification. We correct for sample selection bias

across the entire distribution of potential outcomes by examining how the bias is sys-

!These models restrict covariates to affecting only the location of the outcome distribution. A
recent paper by Chernozhukov et al. (2023) proposes a semi-parametric generalization of the Heck-
man selection model which accommodates rich patterns of heterogeneity in the effects of covariates
on outcomes and selection.



tematically generated by the selection model. More recently, Arellano and Bonhomme
(2017) propose a method to correct for sample selection in quantile regression mod-
els; see also Newey (2007) and Ferndndez-Val et al. (2024) for recent developments in
nonseparable sample selection models.

Second, our approach does not require an instrument to exogenously shift the
choice probability, a typical requirement in the two-step method to avoid multi-
collinearity, nor does our approach rely on identification-at-infinity arguments. In
practice, finding a suitable instrument can be quite challenging (see Vella (1998) for
further discussion). d’Haultfoeuille and Maurel (2013a) and D’Haultfeeuille et al.
(2018) develop estimation methods for semiparametric sample selection models with-
out an instrument or a large-support regressor, leveraging the independence-at-infinity
assumption.

Our approach relies on an alternative assumption: conditional independence of
potential outcomes given observables. This assumption is commonly invoked in auc-
tion models (e.g., independent private value auctions or mineral rights models)? and
becomes more plausible when econometricians have access to a rich set of observ-
ables. In a binary selection model (e.g., the decision to work) where the potential
outcome for one alternative is constant (e.g., the wage for not working is 0) or in cen-
sored regression models with a single observed dependent variable, our conditional
independence assumption is trivially satisfied. We provide further discussion of this
assumption in Section 2.1.

Finally, our method accommodates a flexible selection function, applicable to a va-
riety of empirical settings, including consumer demand, multi-attribute auctions, and
labor market decisions. The agent’s utility in our model can depend on potential out-
comes, observable characteristics, unobserved alternative-specific heterogeneity (such
as product quality, compensating differentials, and other nonpecuniary factors), and
random preference shocks. Incorporating nonpecuniary components into the selection
model has proven essential in empirical studies (e.g., Heckman and Sedlacek, 1985;
Berry, 1994; Berry et al., 1995) and has gained attention in recent theoretical research
(Bayer et al., 2011; d’'Haultfoeuille and Maurel, 2013b; Mourifie et al., 2020; Canay
et al., 2024; Lee and Park, 2023).

Our method is applicable to a wide range of empirical applications. For example,

2See Athey and Haile (2007) for further discussion on the conditional independence assumption
in auction models and potential testing approaches.



in a companion paper (Cosconati et al., 2024), we estimate consumer demand in the
auto insurance market when only the transaction prices of selected insurance plans
are observed. In this market, insurance companies employ risk-based pricing, leading
to significant price variation across consumers. Our method enables nonparametric,
firm-specific estimates of the offered price distribution, offering valuable insights into
the heterogeneity of firms’ pricing strategies and, ultimately, the precision of their risk-
rating technology. In Section 6, we provide a more detailed discussion on applications
to three empirical settings: consumer demand, auction models with incomplete bid
information, and Roy models in labor economics, along with related literature.

The rest of the paper is organized as follows. Section 2 formally introduces our
model, with an illustrative example provided at the end. Section 3 presents the main
theoretical results. In Section 4, we describe the semi-parametric maximum likelihood
estimator and its asymptotic properties. Section 5 reports the results of our Monte
Carlo simulations, and Section 6 discusses various empirical applications. Finally,

Section 7 concludes. All proofs are delegated to the appendix.

2 Model

In Sections 2-3, all analyses are conditional on observable characteristics z, which
we omit to simplify notation. Throughout the paper, we use the consumer demand
example to illustrate the main results and clarify ideas; however, the approach is
broadly applicable to other selection models.

Consider a discrete choice problem. There is a finite set of alternatives [J =
{1,---,J}. Each alternative is associated with a price distribution. Let G; €
A([}_?j,ﬁj]) represent the price distribution associated with alternative j, where A(Y)
denotes the set of all cumulative distribution functions over a set Y C R. We assume
that p; ~ G; are independently distributed across alternatives (conditional on ).
The collection of G, is denoted by G =[] e Gj. We refer to G as the offered price
distribution.

A selection function is denoted by f = (f1, fa2,- - , fs) where f; maps the prices of

alternatives p = (p1,- -+, ps) to a strictly positive probability of selecting alternative



j € J.2 We assume that the selection function is continuously differentiable,
fiee": H P, ,p;l — (0,1),

with >° e f; < 1. Here, the inequality allows for the case with an outside option.
The selection function is a primitive of the model. To provide a microfoundation,
for example, f might be derived from a consumer’s utility maximization problem as
illustrated in Section 2.1.

Let p_; = (p1, -+ ,Pj—1,Pj+1, - ,ps) denote the vector of prices excluding j’s
price. The probability of selecting j conditional on p; is given by

PT] pj) / fj Pj,D—j Hdez pk (1)
k#j

where Prj(-;G) is a function defined on []i)j,ﬁj]. The assumption that prices are
independent across different alternatives allows us to express the joint distribution of
p—; as the product of their individual marginal distribution functions.

Let G, € A([]_?j,}_)j]) represent the price distribution conditional on selecting alter-

native j. We derive éj using Bayes’ rule:

) Iy Pri(y; G)dG;(y)

Gyilp) = = . 2
2 7 Prily: GGy (y) 2)

Note that G; and éj share the same support, as selection function f; is strictly
positive. Let G = [lcs G, and we call G selected price distribution. Equations (1)
and (2) define a ma;zping from G to G. Let F': []; A([}_oj,ﬁj]) — I, A([}_?j,,ﬁj]) denote
this mapping, i.e., G = F(G).

In many empirical settings, researchers have access only to the selected price
distribution. However, the key primitives of interest are often the offered price distri-

bution. Our research question is how to recover the offered price distribution G' from

3The assumption that the probability of selecting each alternative is strictly positive is analogous
to the overlap assumption in the treatment effect literature, which requires each individual to have
a positive probability of receiving each treatment level. This assumption is crucial for recovering the
offered price distribution. To illustrate, consider a scenario where f; = 0 whenever p; falls within a
certain subset of [p i pj] In this case, any p; within that subset would not be observed in the data,

making it 1mposs1b1e to identify G; within that subset without introducing additional assumptions.



the observed selected price distribution G. Note that both G and G are collections
of J cumulative distribution functions. Therefore, the cardinality of unknowns and
constraints are exactly the same in Equation (2) (assuming the selection function is
known). Since a cumulative distribution function is an infinite-dimensional object,
the key challenge is solving for a collection of infinite-dimensional objects entangled

in a nonlinear system. We will explore this in detail in Section 3.

2.1 An Illustrative Example

We now present a simple example to illustrate the key assumptions of our model and
compare them to the standard assumptions in the literature. Consider a consumer
choosing between two products, 7 = 1,2, to maximize her utility. The consumer’s

utility from product j is given by a scaler value:
Uuj =Ypj + &j; (3)

where p; represents the price of product j for this consumer, and ¢; represents an
unobserved utility shock. We abstract from the possibility that the consumer’s utility
may depend on observable characteristics and unobserved product heterogeneity for
this example. In this model, the price sensitivity parameter v and the distribution
of €; determine the selection function f. Let € = €; — e denote the error difference.
If € ~ N(0,1), this represents a binary probit model, and the selection function for

product 1 takes the following form:

filpr,p2) =1 = @u (v(p2 — p1)),

where @, denotes the CDF for standard normal distribution.
In this illustrative example, we consider a simple linear outcome equation with an
additive error term. For each product j = 1,2, the price is generated by the following

equation:

p; = 2835 +nj, (4)

where z represents observable characteristics, and 7; denotes a random shock, which,

for simplicity, is assumed to be independent of x.



Suppose the econometrician observes the price of product 1 only when it is chosen

by the consumer. We derive the conditional mean of p; given that it is observed:

E(pi|z,uy > uz) = xf1 + E(mi|ypr + €1 — (yp2 +e2) > 0)
= xfy 4+ E(mlzy (B — B2) + [y(m —n2) + €] > 0)

B* composite error: *

=zf + E(m|zB* +&* > 0). (5)

The conditioning term z5* 4+ ¢* > 0 in Equation (5) represents the reduced-form
selection model typically seen in the literature. Sample selection issue arises when 7,
and £* are correlated, so that E(m|z6* +¢* > 0) # 0. In the two-step estimation
literature, researchers often impose assumptions on the joint distribution of (*, 7y, 72).

For example,

e* 0 1 012 013
2

m NN 0 s 1012 0'2 0923

2

U 0 013 023 03

We now take a closer look at the correlation between the composite error (¢*) and

the error in the outcome equation (7). Specifically,

cov(e™,m) = cov(y(m —m2) +&,m)
= yvar(m) — ycov(m, n2) + cov(n, €). (6)

Equation (6) shows that the error term 7; directly enters the composite error £*,
implying that cov(e*, ;) # 0 unless v = 0. This correlation is by construction in
selection models, as agents make decisions after observing the potential outcomes.
Another common concern regarding selection bias arises from potential correlation
between errors in the outcome equation (e.g., 7;) and those in the structural selection
model (e.g., €), as represented by the third term in Equation (6). For example,
unobserved productivity factors may create correlation between a worker’s willingness
to work and their wage. Our model also accommodates this type of correlation.

The only assumption we impose is that the error terms in outcome equations across
different alternatives are independent conditional on observables. This implies that

cov(ni,m2) = 0 in Equation (6). In a simple binary model with only one dependent



variable of interest, such as Tobit Type 1 or Type 2, this assumption holds trivially.
Heckman and Honore (1990) show that, under a strong log-normality assumption, the
correlation structure between two outcome variables can be identified; however, this
result does not hold more generally (see discussions in French and Taber, 2011). Due
to the nature of the selection problem, the data include only the price of the selected
alternative, while competing prices for unselected alternatives are not observed. If the
prices of the two products tend to move together, we would not be able to observe this
pattern. French and Taber (2011) point out that since the data provides only two one-
dimensional price distributions, it is impossible to recover the full joint distribution
of a two-dimensional object without imposing additional assumptions.

The conditional independence assumption is commonly employed in auction mod-
els, such as independent private value auctions or mineral rights models, where signals
are assumed to be independent given the common value. This assumption is more
plausible when econometricians have access to a rich set of observables. The con-
ditional independence assumption essentially rules out the presence of a common
unobserved factor, x*, that introduces correlation between outcomes, even after con-
ditioning on observables. When this assumption is not satisfied, the observed price
distribution for each alternative, conditional on observable x, is a mixture of price
distributions conditional on (z,2*). We then need to first analyze this mixture model
and use additional parametric structures or instruments to identify the selected price
distributions conditional on (x,z*). Techniques for this type of deconvolution prob-
lem have been studied in the literature (see the recent survey articles by Compiani
and Kitamura, 2016; Hu, 2017) and are beyond the scope of this paper. We maintain
the conditional independence assumption for the remainder of the paper.

Finally, we highlight several additional features that differentiate our model from
the existing literature. First, our model allows the outcome equation to be fully
flexible and nonparametrically specified as p; = hj(x,n;), where h; is an unknown
function that may be nonseparable in the error term. Our goal is to recover the
entire distribution of p; conditional on x, rather than only estimating the parameters
in the conditional mean function, such as ; in Equation (4). Importantly, we fully
account for heterogeneity in the effects of covariates on outcomes. Second, our model
does not require an instrument that exogenously shifts choices between alternatives
and is excluded from the outcome equation—a critical requirement for identification

and estimation in the two-step method. In other words, we allow the same set of

10



observables to enter both the outcome and selection equations. Moreover, we impose
minimal assumptions on the selection function. It can accommodate nonparametric,
nonseparable relationships between observable and unobserved errors, offering much
greater flexibility than the utility specification in Equation (3); in fact, it does not
even need to be derived from a utility maximization problem. Our framework also
allows for alternative-specific unobserved heterogeneity, which is a desirable feature

in many empirical contexts.

3 Main Results

We define an operator 7': [1; A([Qj,]_)j]) — I, A([}_)j,]‘)j]) by inverting Equation (2).
Let ¥ = (\Ijlﬁ \D27 T a\DJ) S Hj A([B],Z_%])

Jy, dGy(y)/ Pry(y: V)
Iy Gy )/ Py )

(T'%);(p) (7)

Note that in Equation (7), Pr;(y; ¥) is the probability of selecting j conditional
on p; = y and W_;, where W_j; is the collection of offered price distributions of all
alternatives except j.

An intuitive way to understand the operator in Equation (7) is as follows. Suppose
we begin with a conjecture for the offered price distribution, denoted by ¥. Based
on this conjecture, we can calculate the probability of selecting alternative j given
p; =y, ie., Prj(y; V). Using this selection probability, we can invert the observed
distribution of selected prices to infer the distribution of offered prices by dividing
dG;(y) by Pr;(y; ¥). The denominator in Equation (7) serves as a normalizing factor.
This process updates the initial conjecture W. If the conjecture ¥ is correct and
matches the true distribution GG, the update will also equal G. Thus, the offered price
distribution G a fixed point of the operator 7'

The operator T' is a contraction if there exists some real number 0 < p < 1 such
that for all ¥, ® € [T, A([gj,}‘)j]),

D(TW,T®) < pD(V, d),

11



given some metric D.* In the reminder of this section, we first construct the metric
D and then characterize the modulus p. We discuss several special cases of our model
at the end.

3.1 Constructing the Metric

We begin by defining a metric in the set of all cumulative distribution functions
for an alternative j. Let ¥; and ®; denote two probability measures in A([}_?j,}_)j]).
Recall that two probability measures ¥; and ®; are equivalent, denoted ¥; ~ ®;,
if they are absolutely continuous with respect to each other. When W¥; ~ &, the
Radon-Nikodym derivative,

av; _

dT{)j' []_jjapj] — (07 OO)?
exists, as guaranteed by the Radon-Nikodym Theorem. If both ¥, and ®; have

continuous densities, the Radon-Nikodym derivative simplifies to the ratio of densities:

dv;, . Wip)
@, ") = B )

Note that -
\I/j = (I)j = Té(p) =1 q)j—a.e.

In the space A([]_oj,ﬁj]), we define a metric d: A([]_oj,g_)j]) X A([}_?j,}_?j]) — [0, +00]
to simplify the analysis.?
v ey .
A, D) — In ess SUPyelp 7] E(y) + Iness SUPyelp 7] Wj@)v if U ~ 9y,
+00 otherwise.

4We adopt the convention that +oo and +oo are not comparable, but ¢ < 400 for any ¢ € R,..
5This metric is a variant of the Thompson metric (Thompson, 1963). The Thompson metric
between two functions s, ¢ € RY is

= max{lnsu M nsu M
dThompson(Sv Q) - {1 p q(y) al p s(y) }

12



Given our operator 1" in Equation (7), for all ¥;, ®; A([Qj,]_?j]),

(TV); ~ G ~ (TP);.
Thus,

d(TV),; d(T®);

d((TV);, (T®);) = lnesspfup (TP, (p])—i-lnessp?up T, L (p;)-

The observed selected price distribution G appears in both (TW); and (T®);. As
a result, é]- cancels out in the distance above. Moreover, the denominator in our
operator is a normalizing factor, which is also canceled out after we take the sum of
log ratios. Consequently, the distance between (T'V); and (T'®); only relies on the

ratio between selection probabilities:

Pri(pj; ®)

Pri(p;; ¥)
d((TV);,(T®);) <supln w,

—————~ 4 supln
Dj Prj(pj7®) p

where equality holds when éj admits full support on [gj,]_aj].
Next, we define a metric in the space []; A([Ej,]_?j]) by taking the maximum dis-

tance among all alternatives:
D(¥,®) = maxd(V;, ¢,)
JjeJ

forany ¥, ® € []; A([Ej’ p;]). From now on, we work with the metric space ([ [, A([}_)j, pil), D).

3.2 Functional Contraction

For j € J, we define the mazimum semi-elasticity difference as

Oln f;(p;,p—;) Ol fi(p;,P.;)

M; = sup (8)
PjP—jP; Ip; Ip;
The quantlty fﬂ measures how sensitive the log of the choice probability changes
Pj

with respective to the price, and therefore represents the semi-elasticity. Let

J—1
p=—7 wmax(p; —p,)M;.

13



Theorem 1. If p < 1, the operator T is a contraction with modulus less than p.
Proof. See Appendix B.1. O

By the Banach fixed point theorem, whenever p < 1, any selected distribution
G corresponds to a unique offered distribution G. Theorem 1 implies that we can
nonparametrically identify the potential outcome distributions G from the observed
selected outcome distribution G, given the selection function f. Moreover, this result
provides a constructive method for solving G. Take any ¥ € Hj A<[£j’]_7j])’ by

Theorem 1,
D(T"V,G) = D(T"V, TG) < pD(T" ', G) < p" ' D(TV, G),
where D(TW, Q) is finite. This implies

lim D(T™,G) = 0.

n—yc0
lim T"V¥ = G.
n—»00
Thus, we can simply take an initial guess for the potential outcome distributions and
iteratively apply the operator. As the number of iterations approaches infinity, this
process converges to the potential outcome distributions associated with the selection
function.

Note that the condition of Theorem 1 is a joint constraint on the selection function
and the price range. The bound on the modulus, p, consists of the product between
the number of alternatives, the price range p; — P and the maximum semi-elasticity
difference.® Our condition requires this product to be small. If we expand the support
[]_oj,ﬁj] to [Q;,,To;-] where

D, <p;<P; <P
with G unchanged, p becomes weakly larger, which implies now it is more difficult
for the operator 7' to contract. This comparison is intuitive. Since the domain
[Tis; Allp, Pr]) % A([Q;,To;»]) is larger, we are considering more collections of prob-
ability measures, making it more challenging to control % for all ¥ and ® in
this domain.

SNote that by definition p is unitless. Changing the unit of price does not affect p.

14



To understand the maximum semi-elasticity difference M; in the modulus p, con-
sider an extreme case where the choice probabilities do not vary with prices at all,
indicating perfectly inelastic demand. In this scenario, there is effectively no selection
and the offered price distribution coincides with the selected price distribution. The
modulus equals 0 and we obtain the fixed point immediately.

It may be a concern that a large number of alternatives J would result in a
large modulus. However, we show that a large number of alternatives could lead to
a small maximum semi-elasticity difference. For example, consider the multinomial
logit model, arguably the most popular model for discrete choices due to its analytical

form and ease of estimation:

exp(7p;)
S0 exp(ypr)

fj(ph'" ,pJ) =

where v represents the consumer’s price sensitivity. We derive the semi-elasticity for

the logit model,
Oln f;(p;, p—))
Ip;

When J is large, the choice probability for each alternative tends to be small, so

=(1 - f;(p)).

that the log derivative is approximately equal to . As a result, the maximum semi-
elasticity difference is close to 0.
The crux and the bulk of the proof for Theorem 1 is to provide a bound on the

ratio
D(TV,T?)
sup —_—

vaell; alp, ) D(V, ®)

This is difficult as the domain of the supreme, [] ; A([}_)j,]_?j]), is a large space. For
instance, if J = 10, the supreme is over 20 functions. In the proof of this theorem
in Appendix B.1, we employ a technique called a change of measure, also know as
the tilted measure, and combine it with insights from transportation problem. The
bound p is relatively tight: there exist selection functions for which the supremum is
arbitrarily close p. In Appendix A, we connect our contraction result with quantal

response equilibria (McKelvey and Palfrey, 1995).
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3.3 Special Cases

Thus far, we have not imposed any structure on the selection function. For a gen-
eral selection function, we have to take the supreme over p_;,p’ ; to compute the
maximum semi-elasticity difference. Now we impose an assumption on the selection
function to determine where the supreme is attained.

Oln f;(p;j,p—;)

Assumption 1 (Log Supermodularity). For all j € J and p; € []_oj,}_?j], 7y

is weakly increasing in each p, with k # j.

Given log supermodularity, the maximum semi-elasticity difference is attained at

the boundary,

Ol f;(p;,p_;) Ofilpip_)
M; = sup — .
pj apj apj
What is left in the definition of maximum semi-elasticity difference is the supreme
over p;. It turns out that we can use p; — P, in the definition of p to eliminate the

supreme over p; and give a tighter bound. The result is as follows.

J _
o= o maxlln £,(B) ~ 1 fy(p, B) — (7)) + I ()]

Theorem 2. Suppose that Assumption 1 holds. If p* < 1, the operator T is a

contraction with modulus less than p*.

Proof. See Appendix B.2. O

Under Assumption 1, the modulus p* takes a much simpler form and is straight-
forward to compute. The log-supermodularity assumption holds in models widely
adopted by empirical researchers. For example, the multinomial logit model satisfies
Assumption 1. Another example is the binary probit model we describe in Section
2.1. The log-supermodularity condition in Assumption 1 holds for the binary probit

7

model and Theorem 2 applies.” However, Assumption 1 may not hold for probit

"To see this, we compute the log derivative for the binary probit model:

dln f1(p1,p2) Yon(A)

op T 1— D (A)’
9 In fi(p1,p2) _ zi Pn(A)
Op10p> TAA | T=an(A)]
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models with three or more alternatives; in such cases, the more general results in
Theorem 1 can be applied.

To summarize, our contraction results provide a novel method for identifying
the potential outcome distribution from the observed selected outcome distribution,
given any selection function f—whether parametric or nonparametric, and regardless
of whether it is microfounded in a utility maximization problem. Moreover, the
identification is constructive: starting with an initial guess, iterative application of
the operator converges to the potential outcome distributions associated with the
selection function. These theoretical results are essential for estimating the selection
function and potential outcome distributions, which will be discussed in the next

section.

4 Estimation

Building on the theoretical results in Section 3, we now turn to the estimation of
the model’s primitives. We begin by discussing the estimation of the offered price
distribution G when the selection function f is known, followed by the more complex
case where both f and G must be jointly estimated.

In the data, for each individual i, we observe their choice, characteristics, and the
price of the selected product. Let y;; = 1 if j is chosen by 7, and 0 otherwise. Since the
alternatives are exclusive, E‘j]:l yi; = 1. Let x;; represent a vector of observable char-
acteristics. We define y; = (y;1,- -+ ,viy) and x; = (2}, -+ ,2%,)" € X. The observed
selected prices in the data enable us to estimate G using standard nonparametric
methods. Let G denote the estimate of G, and G (x) denote the estimate conditional

on observable z.

4.1 Estimation with a Known Selection Function

In Section 3, we show that for a given selection function f, the offered price distri-
bution G can be uniquely determined from the selected price distribution é’, as the
number of iterations of the operator 7" defined in Equation (7) goes to infinity. In

practice, however, econometricians typically do not observe the true selected price

where A = v(p2 —p1) and the term in the square bracket is known as the hazard rate or inverse Mills
ratio. As Gaussian satisfies increasing hazard rate (Baricz, 2008), the log-supermodularity condition
in Assumption 1 holds.

17



distribution G, but rather an estimate G, which is subject to sampling errors. More-
over, when iterating the operator T to obtain the offered price distribution G, the
process stops after a finite number of iterations m. Therefore, our estimation of G
contains these two sources of error.

Let T2'W denote our estimator for G, using the estimated selected price distribu-
tion G and initiating the operator iteration with ¥ € [, A([Qj,pj]). The distance
between our estimator and the true G is bounded by the sum of sampling errors from
a finite sample size and the approximation errors from finite iterations, as shown in

the following triangular inequality.

D(G,TZW) < D(G, FY@)) +D(F—1<G),Tg\p),

VvV Vv
finite sample size finite iteration

where F'~! denotes the inverse of F. Recall that F is the mapping from G to G
defined in Equations (1) and (2). The inverse mapping, F~', maps G back to G.
Theorem 1 guarantees that we can obtain G from G by iterating the operator T’ an
infinite number of times.

We first focus on the sampling error D(G, F~1(G)). The next proposition shows

that this error goes to zero as G converges to G

Proposition 1. Suppose p < 1. The mapping F' is a homeomorphism. Moreover,
both F and F~' are Lipschitz continuous, with Lipschitz constants 1 + p and l%p,

respectively.

Proof. See Appendix B.3. O

Since F' is a homeomorphism, the inverse F~! is well-defined and G = F~(G).

Since F'~! is continuous, we have

FYG) LB FYG) as GBG.
Moreover, as F~! is Lipschitz continuous, F~1(G) converges to G at the same rate
as G converges to G.
We now analyze the approximation error D(17'W, F “1(@)) due to the finite num-
ber of iterations. Note that this error term tends to 0 at speed p™. Thus, if p™ decays

faster than the convergence rate of G to G, then T &'V converges to G at the same
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rate as G converges to G. We let m(n) express the dependence of the number of

iterations on the sample size. The following result summarizes the discussion above.
Corollary 1. Suppose that G5 Gata polynomial rate of n* with k > 0. If

m(n)

lim inf
n—+oo INn

> k(ln(1/p)",
then Tg(n)\lf 5 G at rate n*.
For instance, if the support of G is finite, G — G at rate Vn. It

1
lim p™™/n=0 or liminf m(n) > —(In(1/p)) ",

n—0o n—+oo 1NN 2

TEW converges to G at rate /n.

4.2 Estimation with an Unknown Selection Function

We now consider the case where the selection function f is unknown to econometri-
cians and we jointly estimate f and GG. As discussed in Section 3, given any selection
function f, whether parametric or nonparametric, our contraction results provide a
straightforward method for recovering the potential outcome distribution from the ob-
served selected outcome distribution. This step utilizes all the information contained
in the selected outcome distribution. To further identify and estimate the selection
function f, we must leverage additional data, specifically the “market share” of each
alternative.

The dimensionality of market shares determines how flexibly we can estimate f.
For example, if market shares are observed conditional on continuously distributed
covariates, it is possible to estimate a semiparametric single-index model (Ichimura,
1993; Klein and Spady, 1993) for the selection function f. While allowing for a semi-
parametric or nonparametric selection function is theoretically possible, implementing
it would be highly complex and data-intensive. In most empirical settings, market
shares are observed conditional on discrete values of covariates. We therefore focus

on the case where the selection function is parametrically specified in the estimation.®

8In our Monte Carlo simulations, we consider a scenario where the selection function is misspeci-
fied by the econometrician. We find that our estimates of the potential outcome distributions remain
quite robust even when the selection function is misspecified.
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We assume that the selection function f is derived from a standard multinomial

choice model with an indirect utility given by
uij = v;(pij, Tij, €355 0),

where v; is a known function parametrized by a finite-dimensional parameter 6; p;;
denotes the offered price of alternative j for individual i; the vector of unobserved
error terms €; = (g;1, -+ ,€;7) is jointly distributed according to a known distribution.
Note that our framework fully allows that the unobserved error term enters the utility
function in a nonseparable way. The individual chooses an alternative to maximize
utility, and the selection function f is captured by the parameter 6. Let 6, denote

the true parameter. For example, one commonly used specification is as follows:
uij:ﬁypij_kx;jﬁ—i_gj_'—é‘ij? j:1527"'>*]>

where {; represents a scalar-valued unobserved characteristic of alternative j. In this
example, 0 = (7, 5, €), where & = (1, + ,&)).

We estimate the parameter 6 in the selection function by matching the model-
implied choice probabilities to those observed in the data. Specifically, for an indi-
vidual with observable characteristic x;, the probability of choosing alternative j is

given by the following equation:
Proby(a:0.G.m) = [ F(pi.0)d(T5,, ¥)0), )
p

where Tg(r)’ , ¥ represents the estimated offered price distribution after iterating the
operator T for m steps, starting with the initial value W. The operator is constructed
using the estimated selected price distribution conditional on x, denoted by G (x), and
the selection function parameterized by 6. Note that 8 affects the choice probabilities
both directly through the selection function and indirectly through the estimated
offered price distribution.

Let z; = {z;,y;}. Given an i.i.d. sample of {z;} ; and a first-step nonparametric

estimator G (x), we propose a semiparametric maximum likelihood estimator for 6:

0 = argmax Qn(0), (10)
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where

n J
A 1

Qn(0) = - Z Zyij In Prob;(x;; 0, G,m(n)) (11)

i=1 j=1

Once 6 is obtained, a plug-in estimator for G is given by Tgén)llf.

4.3 Consistency and Asymptotic Normality

In this section, we show that the estimator defined in Equation (10) is consistent
and asymptotically normal. We maintain the previous assumptions on the selection
function: f; € € I]; [Qj,]_?j] — (0,1). The additional technical conditions required

for the consistency of 0 are as follows.

Assumption 2. (i) The space © of parameter 6 is compact; (ii) for each z € X,
the selection function f(p;x,#) is jointly continuous in # and p; (iii) the condition
in Theorem 1 holds for all § € ©, that is, supgeg p(f) < p < 1 for some p; (iv) the

number of iterations m(n) — oo; (v) G 2 G.

Assumption 3 (Identification). There does no exist ¢ € ©, ' # 6, offered price
distributions G, G’ € (H] A([]_)j,]_)j]))X such that for all j € J and x € X

F(G(x);600) = F(G'(x);6'),

/ £3(p; ,60)dC () (p) = / £;(p: 2,9)dG! (2)(p).

Assumption 2 (i) and (ii) are standard regularity conditions. Assumption 2 (iii)
ensures that for all # € O, the operator T is a contraction. Assumption 2 (iv)
requires that the number of iterations m tends to infinity, but it does not impose any
restrictions on the rate at which m approaches infinity. Assumption 2 (v) ensures
that our first-step estimator G is consistent. Assumption 3 imposes the identification
condition, which requires that there does not exist another parameter that can yield

the same selected price distribution and choice probabilities.
Theorem 3 (Consistency). Under Assumptions 2 and 3, 0 2> 6, Tgén)\ll el

Proof. See Appendix B.3. O
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Proving this theorem turns out to be challenging. We cannot rely on the standard
consistency arguments for maximum likelihood estimators, as QH(Q) is not a sample
average. Since all data points are already used to estimate é, each term in Qn(ﬁ)
depends on the entire dataset. Moreover, the number of iterations depends on the
sample size n.

To prove consistency, we invoke the fundamental consistency theorem for ex-
tremum estimators (Theorem 2.1 in Newey and McFadden (1994)). We construct

the true population objective function as follows:
J ~
Qo(0) =E, Z (/ fi(p;x, GO)dG(x)(p)) In (Prob}(z;0,G)),
j=1 NP

where fp fi(p;x,00)dG(x)(p) represents the true probability of selecting alternative

j conditional on x; and
Probi(ei6.G) = [ fi(pi.0)dF" (G(x).0)(p), (12
p

Equation (12) represents the model-implied choice probability for alternative j con-
ditional on z, given the model parameter 6, the true selected price distribution G,
and as the number of iterations goes to infinity. By the identification condition in
Assumption 3, () is uniquely maximized at 6.

Similarly to Section 4.1, there are two sources of error in the sample objective
function Qn(ﬁ) when approximating the true population objective function Qq(6):
(1) sampling error, and (2) errors resulting from the finite number of iterations of the
operator T'. To focus on the sampling error, we construct the following intermediate

objective function where the number of iterations m in Equation (11) goes to infinity:

n J
Qu6) = 33" iy In (Prob(a::6,6)).

i=1 j=1

We use the homeomorphism in Proposition 1 to show that Q,’; converges pointwise to
(o in probability. We then prove that Q;‘l is equicontinuous, which ensures its uniform
convergence to )g. Lastly, we show that Qn converges uniformly in probability to
QZ as the number of iterations approaches infinity, which implies that Qn converges

uniformly in probability to @)y, a key to establishing the consistency result. Further
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details of each step can be found in Appendix B.3.
Next, we show that the estimator defined in Equation (10) is asymptotically nor-
mal. Motivated by our discussion above, we first study the behavior of the estimator

when m tends to infinity for each n. Let

0" = argmax Q;,(0),

J
9" (2;0,G) =V, ( Z Yi; In Prob} (z;; 0, é)) :
=1

where Vy denote the gradient operator with respect to #. The estimator 6* solves the

first-order condition
1 & e A
— “(z;;0°,G) = 0.
- Zl g (= )

Proving the asymptotic normality of a semiparametric two-step estimator typi-
cally requires a first-order expansion around the nonparametric estimator (see The-
orem 8.1 in Newey and McFadden (1994)). In our case, this involves expanding the
equation above around G. A standard argument would apply if G entered directly
into Equation (12). However, it enters through F~! for which we lack an analytic
form. As a result, continuing to work with an infinite-dimensional distribution G
becomes extremely challenging.

To make the analysis tractable, we assume that the support of G is finite. This
assumption is practically innocuous, as nonparametric estimators are always repre-
sented as finite-dimensional vectors in numerical applications. For instance, in con-
sumer demand estimation, G represents a distribution over prices, which are measured

in discrete units (e.g., cents), so this assumption is reasonable.

Assumption 4. (i) supp(G) is finite. (ii) 6, is in the interior of ©. (i) f is twice

continuously differentiable in 0. (iv) EVag*(z; 0y, G) is nonsingular. (v) The number

of iterations satisfies liminf,, T?n(z) > 2(In(1/p)) .

Assumption 4(ii)—(iv) are standard regularity conditions. Assumption 2-4(iv)
ensure that the estimator 6* is asymptotically normal. Assumption 4(v) requires that
the number of iterations increases rapidly enough for the error introduced by finite
iterations to become negligible compared to the error of 6. Particularly, it guarantees
V(6 —6%) 5 0, which gives us the next result.
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Theorem 4 (Asymptotic Normality). Suppose that Assumption 2, 3, and 4 hold.
Then 6 is asymptotically normal and /n(6 — 6,) KN N(0,V).? Ténén)\ll converges to
G in probability at rate \/n.

Proof. See Appendix B.4. n

5 Monte Carlo Simulations

To examine how our estimator for # and the offered price distribution may perform
in practice, we conduct a Monte Carlo simulation experiment with J = 2. The utility

individual ¢ derives from the two alterantives are specified as follows:

i = —vylog(pin) + & + B + €y
uip = —ylog(piz) + &2,

where p;; and §; are, respectively, the offered price and unobserved heterogeneity for
alternative j; x;; € {0,1} is a binary observable with Pr(x;; = 1) = 0.5 that shifts
individual i’s choice probabilities; and €; ~ N(0, 1) is the error term. Throughout the
simulation exercises, we set the utility parameters as follows: v =1, & =0, & = 1,
g =0.5. Let y; € {1,2} denote the choice of individual i.

We consider five data generating processes for the offered prices. Let x;5 denote
the observable characteristic of individual ¢ that enters the pricing equation. For
simplicity, we also restrict ;5 to take binary values from {0, 1}, with Pr(z;; =1) =
0.7.

DGP 1: log(pm) = 50]‘ + 5jl‘7;2 + Nijs where 601 = 0.2,51 = 0.5,771‘1 ~ N(0,0l), 502 =
0.1,(52 = ]_7771'2 ~ N(0,02)

DGP 2: 10g(p1]) = 50]' -+ (Sj.’ll'iQ + MNijs where 501 = 0.2,(51 = 0.5,7%1 ~ EV(0,0l),
502 = 0.1,52 = 1777i2 ~ EV(0,0Q)

DGP 3: log(pij) = (50j + (5]I12)<1 + 7]@'), where 501 = 0.2,51 = 0.5,7%1 ~ N(0,0l),
(502 = 0.1,(52 = 1,771'2 ~ N(0,0g)

DGP 4: 10g<pw) = exp ((5()]‘ + 6sz2)(1 + ’I’/Z'j)), where 501 = 02, 51 = O]_, i1 ~ N(O, 01),
(502 = 01, 52 = 03, Nig ~ N(O, 02)

9See the analytical form of V in the proof of Lemma 7.
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DGP 5: 10g<pw) = (50]' + 5]1'12)(1 -+ 7’],‘]‘)71, where 501 = 0.2,51 = O.].,’I]il ~ N(0,0l),
do2 = 0.1,09 = 0.3, 1m0 ~ N(O, 0-2)-

In DGP 1, the error term in the pricing equation is additively separable and follows
a normal distribution, which is commonly assumed in empirical applications. DGP
2 assumes instead that the error term follows an extreme value distribution, while in
DGP 3, we relax the homoskedasticity assumption. Finally, DGPs 4 and 5 consider
scenarios where the pricing function takes a nonseparable form.'?

For each DGP, we simulate offered prices and individual choices, and assume
that the econometricians observe (y;, z;1, T2, p;), where p; is the price of the chosen
alternative. We then apply our method from Section 4 to estimate the parameters
of the selection function, i.e., 8 = (v,&, ) with & normalized to 0, along with
the offered price distribution for each alternative.!! For comparison, we employ the
classic two-step method, assuming that the pricing equations are linearly separable,
with an error term that is independent of x;5 and normally distributed. Under this
assumption, the two-step method misspecfies the pricing equation under DGPs 2-5.
For each design, we run 500 simulations of 1000 and 5000 observations.

We report Monte Carlo biases, standard deviations, and root mean squared errors
for # using our method in the first three columns of Table 1. For the cumulative
distribution functions of log(price), we compute the integrated squared biases and
integrated mean squared errors, as shown in the first two columns of Table 2. These
results are based on a sample size of N = 1000. The results for N = 5000 are provided
in Tables 3—4 in Appendix C. Our estimator performs well in finite samples across all
DGPs we consider. The biases of our estimator are small, and the standard deviation
decreases as the sample size increases in all simulation designs.

Compared to the classic two-step method, our estimator outperforms the standard
approach in DGPs 2-5. Because our method allows for nonparametric estimation of
the offered price distributions, while the standard method misspecifies the pricing
equation, we achieve significantly lower integrated squared bias and mean squared

error for the cumulative distribution functions of log(price). This result can also be

10Although all the offer price distributions admit unbounded support, in simulation we shall
assume that the realized price range coincides with the true price range. Given a large sample size,
the realized price range supports almost all the probability mass of the offered price distribution.
Later we show that the estimation of the offered price distribution performs well.

We estimate the cumulative distribution function of prices at 300 grid points.
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Table 1: Simulation Results for Utility Parameters: N = 1000

Functional Contraction Two-Step Method

Bias  Std. Dev. RMSE ‘ Bias  Std. Dev. RMSE
DGP 1

v -0.0075  0.1958 0.1957 | 0.0027 0.2126 0.2124

& 0.0021 0.0721 0.0721 | 0.0003 0.0980 0.0979

5 -0.0010  0.0906 0.0905 | 0.0016 0.0929 0.0929
DGP 2

v -0.0087  0.1990 0.1990 | 0.0196 0.2451 0.2457

& 0.0021 0.0728 0.0728 | 0.0183 0.1203 0.1215

6 -0.0049  0.0945 0.0946 | 0.0036 0.0960 0.0960
DGP 3

v -0.0254  0.1603 0.1621 | 0.1704 0.2398 0.2940

& -0.0006  0.0702 0.0701 | 0.0097 0.0860 0.0864

£ -0.0045  0.0930 0.0930 | -0.0023  0.0947  0.0946
DGP 4

~ -0.0131 0.3485 0.3484 | 0.0368 0.3826 0.3840

& -0.0016  0.0677  0.0676 | -0.0044  0.0731 0.0731

5 -0.0045  0.0933 0.0933 | -0.0040  0.0941 0.0941
DGP 5

v 0.0551 0.9650 0.9656 | 0.1873 0.7830 0.8044

& -0.0023  0.0671 0.0671 | 0.0047 0.0675 0.0676

5 -0.0050  0.0886 0.0886 | -0.0050  0.0885 0.0886
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Table 2: Simulation Results for CDF of log(Price): N = 1000

Func. Contraction Two-Step Method

IBias?® IMSE ‘ IBias?® IMSE
DGP 1
Fi(:|zz =0) 0.0003 0.0029 0.0006 0.0211
Fy(-|zi2 =0) 0.0001 0.0006 0.0000 0.0016
Fi(-|lxig =1) 0.0004 0.0032 0.0003 0.0125
Fg("xig = 1) 0.0002 0.0013 0.0001 0.0042
DGP 2
Fi(-|xip =0) 0.0006 0.0032 0.0042 0.0269
Fg("xig = 0) 0.0002 0.0006 0.0021 0.0040
Fi(|za —1) 0.0008 0.0037 |0.0035 0.0177
Fy(|zi=1) 0.0003 00014 |0.0022  0.0070
DGP 3
Fi(:|z2 =0) 0.0060 0.0086 0.0247 0.0501
Fy(-|lzi2 =0) 0.0028 0.0032 0.0499 0.0525
Fi(:|zz =1) 0.0007 0.0033 0.0022 0.0119
Fy(-lxig =1) 0.0002 0.0013 0.0129 0.0170
DGP 4
Fi(:|ziz =0) 0.0007 0.0033 0.0049 0.0304
Fy(|xe =0)  0.0008 0.0012 0.0281 0.0303
Fi(lzn —1) 0.0005 0.0046 |0.0005 0.0161
Fg(']x,;g = 1) 0.0002 0.0011 0.0087 0.0112
DGP 5
Fi(-|lxig =0) 0.0014 0.0034 0.0026 0.0226
Fg("acig = 0) 0.0014 0.0018 0.0211 0.0234
Fi(:|zz =1) 0.0008 0.0058 0.0008 0.0192
Fy(|zis=1) 0.0002  0.0011 |0.0071  0.0086

Note: The IBias? of a function h is calculated as follows. Let ﬁr be the estimate of h from the
r-th simulated dataset, and h(z) = & Zf‘:l h,(z) be the point-wise average over R simulations.
The integrated squared bias is calculated by numerically integrating the point-wise squared bias
(h(x) — h(z))? over the distribution of . The integrated MSE is computed in a similar way.
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Figure 1: CDF of log(price) for firms 1 and 2 (conditional on x = 0). The black, blue,
and red curves represent the true CDF, the CDF estimated using the two-step method,
and the CDF estimated using the functional contraction method, respectively. Solid
lines represent the CDFs for firm 1, while dashed lines represent those for firm 2.

visualized in Figure 1, where we plot the true CDFs of log(price) for firms 1 and 2,
alongside those obtained using our method and the two-step method.

For the two-step method, the misspecification of the pricing equation also creates
a severe bias in estimating the parameters in the selection function. In particular,
when the error term exhibits heteroskedasticity (DGP 3) or is nonseparable in the
pricing equation (DGPs 4-5), the bias for the price sensitivity parameter 7 is large
and does not vanish as the sample size increases.

Another key advantage of our approach is that it does not require an instrument
to exogenously shift the selection probability. It is well known in the literature that

the two-step method is nearly unidentified when the same regressors are used in both
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the selection function and the outcome equation. This occurs because the inverse
Mills ratio is approximately linear over a wide range of its argument. In our sim-
ulations, when the regressor in the pricing equation is discrete, the bias correction
term becomes perfectly collinear with the regressor, rendering the two-step method
infeasible without an excluded variable in the selection equation.

In contrast, our approach does not require an excluded variable in the selection
equation. To illustrate this, we conduct a set of Monte Carlo simulations where
the excluded variable x;; is removed from the indirect utility, using the same five
DGPs for log(price). The results for this specification are reported in Tables 5-6 in
Appendix C. As shown, our estimator performs well in finite samples, even without
an additional excluded variable to exogenously shift the selection probability. Our
estimator consistently shows low bias across different DGPs and exhibits a decreasing
standard deviation as the sample size increases.

Our method requires that the functional form of the selection function is known
to econometricians. To assess the performance of our estimator when the selection
function is misspecified, we conduct a series of Monte Carlo simulations. Specifically,
we consider a scenario where the econometrician assumes that ¢ follows a logistic
distribution, while it is actually generated from a normal distribution. In Tables
7-8 in Appendix C, we report the estimation results for the utility parameters and
CDFs of log(price) under this misspecification. Although we observe a 7-8% bias
in the utility parameters, our estimator for the offered price distributions performs
well. The integrated squared bias and mean squared errors of the CDFs remain close
to those in Table 2. This exercise suggests that our estimator for the offered price
distributions is robust to misspecification of the selection function, a valuable feature
in practice, especially when the econometrician lacks prior knowledge about the form
of the selection function.

Finally, we briefly discuss how our functional contraction performs in practice. We
compute the modulus p* across all five simulation designs. Except for DGP 2—where
the error term in the pricing equations is drawn from extreme value distributions,
resulting in a wider price range—the modulus in all other cases is quite small (for

example, p* = 0.37 in DGP 1).'? Consequently, our iteration process converges within

12The magnitude of the modulus depends heavily on the product of the price sensitivity parameter
~ and price range. In our Monte Carlo simulations, v is normalized to be 1. In DGP 1, a price
range of approximately 2.5 leads to a small p* = 0.37. In empirical applications, the price sensitivity
parameter v is around 1072 (for example, see Cosconati et al., 2024). Then with a price range
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3-5 iterations. For DGP 2, although the modulus exceeds 1 (p* = 1.23), the iteration
process still performs well and converges to the same fixed point, even with different
initial values. This is not surprising, as Theorems 1 and 2 provide only sufficient

conditions for the contraction.

6 Applications

Our estimator introduced in Section 4 is broadly applicable to a variety of empirical
settings. It effectively addresses the challenge of selection bias, which arises when
only the outcomes of chosen alternatives are observed in the data. We impose no
parametric restrictions on the potential outcome distribution and allow it to vary
flexibly across alternatives. Moreover, the selection function in our model can incor-
porate alternative-specific unobserved heterogeneity and does not require an excluded
variable, which is desirable in many empirical settings. In the following section, we
discuss three types of empirical applications: consumer demand estimation, auctions

with missing bids, and Roy models.

6.1 Consumer Demand

The first application of our method is the standard differentiated product demand
estimation pioneered by Berry (1994) and Berry et al. (1995). In classic demand
models, the price of a product is often assumed to be uniform across all consumers
(e.g., the list price of a vehicle). But this assumption does not hold in contexts in-
volving price discrimination or personalized pricing (Sagl, 2023; Buchholz et al., 2020;
Dubé and Misra, 2023), discount negotiation (Goldberg, 1996; Allen et al., 2014), or
risk-based pricing (Crawford et al., 2018; Cosconati et al., 2024). In these contexts,
researchers can relatively easily gather data on the transaction prices consumers pay,
but it is challenging to gain access to competing prices offered to consumers.

In a companion paper with coauthors (Cosconati et al., 2024), we apply our
method to estimate demand and insurance companies’ information technology in
the auto insurance market, where only the transaction prices of selected insurance
plans are observed. In this market, insurance companies employ risk-based pricing.

For each consumer, an insurance company generates a noisy estimate of their risk

around 2500 euros, the modulus remains small.
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type and prices accordingly. Our goal is to quantify the heterogeneity in insurers’
information technology, as measured by the dispersion of their risk estimates. Since
the shape of the offered price distribution reflects the distribution of risk estimates,
allowing for flexible estimation of the offered price distribution is crucial.

We nonparametrically estimate each insurance company’s offered price distribu-
tion using our functional contraction approach. In this application, we assume that
the offered prices across different firms are independent, conditional on the consumer’s
true risk type, which is estimated using a panel of ez-post realized claim records over
multiple years.

In Figure 2, we plot the nonparamtrically estimated density functions for prices
from several firms. These distributions vary significantly, with noticeable differences
in mean, variance, and skewness, across firms, suggesting substantial heterogeneity
in their information technology and pricing strategies. Building on this estimation,
we further estimate the price sensitivity parameter, firm-specific unobserved hetero-
geneity (e.g., service quality or brand loyalty), and each firm’s information precision.
Our findings provides key insight for analyzing competition under various forms of
supply-side heterogeneity in this market (Cosconati et al., 2024).

From a practical point of view, our iterative procedure to numerically solve for
the offered price distributions given demand parameters is easy to implement and
performs well in practice. In our empirical application using data from 11 insurers,

the iterative algorithm converges very quickly, typically requiring only 6-7 iterations.

6.2 Auctions with Missing Bids

In certain auctions, not all bids are available, either due to the auction’s structure or
incomplete data. For instance, in Dutch auctions, only the winning bid is recorded,
as the auction concludes as soon as the first bid is placed. Allen et al. (2024) study
FDIC auctions for insolvent banks, where only the winning and the second-highest
bids are recorded. Similarly, U.S. Forest Service timber auctions record only the top
fourteen bids, while the Washington State Department of Transportation publishes
only the three lowest bids for their highway procurement auctions.

The existing literature has shown that certain types of auction models can be
identified using only winning bids or transaction prices. For example, Athey and
Haile (2002) show that the symmetric IPV models are identified with the transaction
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price by exploiting a one-to-one mapping between an order statistic and its parent
distribution. Komarova (2013) analyzes asymmetric second-price auctions where only
the winning bids and the winner’s identity are observed. A related result for general-
ized competing risks models can be found in Meilijson (1981). More recently, Guerre
and Luo (2019) examine nonparametric identification of symmetric IPV first-price
auctions with only winning bids, accounting for unobserved competition.

Our method is valuable for nonparametrically recovering the complete bid dis-
tribution and the auctioneer’s scoring weights in multi-attribute auctions when the
data contain only the winning bids and winner’s identity, particularly in the presence
of bidder asymmetry.'® Auctions in many settings have used the scoring rule that
departs from the lowest bid criterion by accounting for quality differences (Asker
and Cantillon, 2008; Lewis and Bajari, 2011; Nakabayashi, 2013; Yoganarasimhan,
2016; Takahashi, 2018; Krasnokutskaya et al., 2020; Allen et al., 2024). Our selection
model is closely related to Krasnokutskaya et al. (2020), which employs a discrete
choice framework with unknown, buyer-specific weights in the scoring rule. We allow

the scoring rule to depend on both observed (x;;) and unobserved bidder heterogeneity

13Flexibly accommodating bidder asymmetries is known to be challenging in auction models (see
discussions in the handbook chapter by Athey and Haile (2007)). Bidder asymmetries may arise
from factors such as distance to the contract location (Flambard and Perrigne, 2006), information
advantages (Hendricks and Porter, 1988; De Silva et al., 2009), varying risk attitudes (Campo, 2012),
or strategic sophistication (Hortagsu et al., 2019).
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(&;), with the error term (g;;) capturing uncertainty in the scoring rule.'*

Beyond independent private value models, our method can be applied to certain
common value auction models, such as the mineral rights model, where bidders’
signals are assumed to be independent conditional on the common value. In these
auctions, we can recover the bid distributions conditional on the ex-post realized

common value.

6.3 Roy Models

Another important application of our method is estimating Roy models (Roy, 1951)
in labor market contexts. Variants of the Roy model have been widely used in the
literature to study decisions such as whether to continue schooling (Willis and Rosen,
1979), which occupation to pursue (Heckman and Sedlacek, 1985), whether to join a
union (Lee, 1978), and whether to migrate (Borjas, 1987). Our selection model falls
within the framework of “Generalized Roy Model”, as defined by Heckman and Vyt-
lacil (2007). We allow the utility that individual 7 gains from alternative j to depend
not only on prices (or wages in labor market contexts) but also on non-pecuniary
aspects of the alternative, either observable or unobservable to the econometrician.
The comparison between our approach and standard two-step methods for estimat-
ing Roy models has already been discussed in the introduction; therefore, we do not

reiterate it here.

7 Conclusion

We introduce a novel method for estimating nonseparable selection models when only
a selected sample of outcomes is observed. We show that potential outcome distribu-
tions can be nonparametrically identified from the observed distribution of selected
outcomes, given a selection function. We achieve this by constructing an operator
whose fixed point represents the potential outcome distributions and proving that this
operator is a functional contraction. Building on this theoretical result, we propose a
two-step semiparametric maximum likelihood estimator for both the selection func-

tion and potential outcome distributions. The consistency and asymptotic normality

14Other recent papers that consider unknown weights in the scoring rule include Takahashi (2018)
and Allen et al. (2024).
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of the proposed estimator are established.

Our approach fundamentally differs from the classic two-step method for address-
ing sample selection bias. We allow the outcome equation to be fully nonparametric
and nonseparable in error terms. Our goal is to recover the entire distribution of
potential outcomes rather than focusing on specific moments or quantiles. In essence,
we correct for sample selection bias across the entire distribution of potential out-
comes by examining how the bias is systematically generated by the selection model.
This approach allows for fully heterogeneous effects of covariates on outcomes, which
is a crucial feature for empirical analysis, as discussed in Chernozhukov et al. (2023).
Another key advantage of our approach is that it does not rely on instruments to ex-
ogenously shift selection probabilities, which are often challenging to find in empirical
settings, or on identification-at-infinity arguments. Our approach also accommodates
asymmetry in outcome distributions across alternatives and flexibly incorporates un-
observed alternative-specific heterogeneity in the selection model.

We find that the proposed estimation strategy performs well in both simulations
and real-world data applications (see our demand estimation using insurance mar-
ket data in Cosconati et al. (2024)). Moreover, our approach is straightforward to
implement and computationally efficient, making it highly appealing to empirical re-
searchers. The estimator can be readily applied to a variety of empirical settings
where only a selected sample of outcomes is observed, including consumer demand
models with only transaction prices, auctions with incomplete bid data, and various
selection models in labor economics. Our method is particularly valuable in applica-

tions where the entire distribution of outcomes is of interest.
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A Connection to Quantal Response Equilibria

In this section, we connect our result to the quantal response equilibria (McKelvey
and Palfrey, 1995).

Let us rename our variables. There is a set J = {1,2,---,J} of players. For each
player j € J, there is a finite set P; = {pj1,pjo, " ,Pjn; } C []_?j,]_)j] consisting of n;
pure strategies. A payoff function f: [[;c, P; — A(J) assigns payoff f; to player
J. Let g; € AP; denote player j’ mixed strategy and g = Hjej gj.- The player j’s
expected payoff for playing pure strategy p;, given other players’ strategy g_;, is

Pri(pj; 9) :/ vfj(pﬁp—j)Hgk(pk)-

ki

We define the quantal response operator T: [[; A(F;) — [[; A(F;) by

exp(—=APr;(pj; 9))
> piep, XP(=APT;(pj3 9))

(Tg),(p;) =

In words, given the expected payoft Pr;(p;; g), player j's probability of playing strat-
egy p; is proportional to exp(—APr;(p;; g)). Lemma 1 in McKelvey and Palfrey (1995)
states that operator T is a contraction for a sufficiently small X\. This is intuitive as
T sends probability measures to the center of the simplex when A is small.

Note that our operator T is quite different. By definition,

. fg dG;(y)/ Pry(y; )
(TV);(p) = 7 4G () Pry(y: ¥)

Given the expected probability Pr, to compute the new measure, each p; is weighted
by dG (pj), where G can be any measure. This distinction complicates our problem.
With the sup norm, McKelvey and Palfrey (1995) show that T is a contraction for
sufficiently small A. However, the presence of G renders the sup norm not suitable

for our task. Instead, our metric d is designed specifically to deal with G.
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B Omitted Proofs

B.1 Proof of Theorem 1

Lemma 1. For two probability measures S,Q € A(Y), § > 0,

sup || —Qllrv < 4/2
d(8,Q)<sé
Proof of Lemma 1. We first consider the case where Y contains only two elements.
Then we can identify S with (p, 1) for some p € [0,1]. We can pin down the @ that
achieves the maximum ||S — Q||ry under the constraint that d(S,Q) < §. At the
maximum, this constraint is binding. Let @ = (p —¢,1). By d(S,Q) =9,

1—
m2 ym—Pre_; (13)
p—e¢ 1—p
We can solve for € s
_ p(1—p)(e’ —1)
p+(1—p)e

Plug this into the total variation norm

1 1 e’

- S _ — — ) _ 1 - ~ 11

5115 = Qllry = = (¢ = D= + =

Then we take sup over p. Note that %p + % as a function of p is convex and achieves
&8/2

a unique minimum at p = 7557. As a result,
1 (e®—1) 21
sup —||S — = =
#5Q)<s g8 = Qllev (I+e/2)2 e 41

To show supys.g)<s |1S — Qllrv < 6/2, it suffices to show that for all § > 0,

2 — 1
ed/2 41 <9/4
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% achieves this

which holds true.'® Note that the limiting case § — 0, p = % € =

upper bound.
Now we prove this lemma for a general space Y and general CDF. For any S, Q) €

A(Y) and d(S,Q) < §. Define two functions
Po(s.Q) = [ Q)
yeY: 45 (»)=1

fuawz/' ds(y)
yey: 45 (y)>1

Note that Pe(S
M < esssup — ( )

which implies

Ps(S, Q) o 1—Py(S,Q) <esssuphl%< )+esssup1n%( ) <3¢

M550 TP T Ry(5.Q)

since d(S, Q) < . Observe that here Pg(S, Q) faces the same constraint as p in the

two-point support case in Equation (13). Thus, the total variation norm

15 = Qllrv = 2[Ps(5, Q) — Po(5,Q)] < 6/2.

15To see this,

e’ —1
€5+1—6/2
1 2 <5
< ed+1 72
4

which is true since function %ﬂ is convex and is tangent to the function 2 — § at 6 =0
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Proof of Theorem 1. Recall that
Pr(p;; ¥ / fi(pj, p—; H dW(p).
k.k#j

Define the ratio function

Prji(p;; ¥)

Ri(p;; ¥, ) = Pri(p: @)
J 1)

We show that for all ¥, ® € [, A([]_)j,pj]L
D(TY, T®) < pD(V, D).
Given Equation (7) and the definition of the metric d, we have

d((T);, (T®);) < supln R;(p;; ¥, ®) — infIn R;(p;; ¥, ).
Pj

by

The equality holds when @j admits full support on [Qj,]_oj]. Thus, it suffices to show
that for all j € J

supIn R;(p;; U, @) — i;lvf InR;(p;; ¥, ®) < pD(V, D) (14)

bj

We evaluate how the log ratio changes with p;,

0 j\Pj,P—j 0 j\Pj,P
dln Rj(p;; V,®) fp_] fp—) [Tk ey A9 (1) fp ; f(p— [ Lk s AP (pr)

dpj fp ; fj p]7p ) Hk kA dqjk(pk) f f] p],p ) Hk JkH#g dq)k(pk)

(15)

Oln f;( Oln f;(
. P M A0e(p) [, 250 1 Ty 490 (01)

—J

f fJ Dj, P— )Hkk;éj AWy, (pr) f f] pj,P-j) [ kAj APy (pk)
(16)
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Next, we define a new measure f;U_; € A([],;[p, . D))

f;_j fi(pj, p—;) Hk,k;éj dWy.(pr)
o JiWi =) Tl sy A%k (k)

fiv—;(y)

Similarly, we define measure f;®_; € A([],;[p,.Pi]). (Both measures depend on

p;.) Given these measures, we can rewrite Equation (16)

din R;(p;; U, ® Oln fi(pj, p_; ol f;(pj, p_;
1 j(p]. ) = F nf](p]' p-) . E nf](pj, p-)) (17)
dp; p—i~fiv—j Op; p—ji~fi®—; Ip;
On f;(p;, P
:/ Jé() ’ ]>[dfj‘1’—j(29—j) — df;®_;(p-;)]. (18)
p—j Dj

We shall upper bound this integral under the constraint D(¥,®) < § for some
arbitrary ¢ > 0.

dIn R;(p;; ¥, ® dln f;(pj, P,
sup P )‘ = sup / i ])[dqu’—j(P—j) = df; -5 (p-)]
D(¥,2)<6 dp; D(¥,2)<é | Jp_; Opj
1
<M; sup §Hfj\1jfj — [i®-jllrv
D(V,$)<6

The inequality follows by interpreting the integral as a transportation problem. We
transport the mass from distribution f;®_; to f;W_;. The function %ﬁj’p‘j) is
the height. Then the integral is the change in the gravitational potential, which is
bounded by the product of the total transportation mass %Hfj\p—j — fi®_j||rv and

the largest height difference, M. Note that given D(V¥, ®) <4,
d(f;¥—j, ;) = d(¥_;, @_;) < (J = 1)d,

as for all j, d(V;, ®;) < D(¥,®) < 4. Thus, for all § > 0,

dIn Rj(p;; ¥, ®)
dp;j

sup

1
‘SMj sup §||fj‘1’—j—fj‘1>—j||Tv
D(V,8)<6

D(V,3)<6

1
<M; sup —

< 5 fi¥ s — f;®jllrv
d(fj\Il_j,ij_j)S(J—l)(s

SM&(J — 1) (19)
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where the last inequality follows by Lemma 1. By Lemma 2,

dp; DU, ®)| = 4 7

sup
VRS

= sup
D(¥,®)<s

din R;(p;; ¥V, @) 1
dp; D(¥, @)

To see why the inequality holds, towards a contradiction, suppose it does not hold.
Then there exists ¥, ® with D(U, ®) = §; and

‘dlnRj(pj;\i’,(:P) L J—le
InR:(p;: U, d —1 _
‘an”(p” i )‘ —_ M,;D(T, 3)

dp;
which implies that

sup dlnR;(p;; ¥,®) 1 ‘ > ‘dlnRj(pj;\I/,q)) ~1 | J — 1Mj
D(¥,®)<51 dp; D(¥,®) dp; D(T, ) 4
contradicting Equation (19) which holds for all 6 > 0.
By the fundamental theorem of calculus, for all p;, p’; € [gj,]_oj],
In R;(ps; ¥, @) — In B;(pj; ¥, )| _ J = Ly @ )
s D(7, D) =Ty Tl
Finally, for all j € 7, all ¥, ®,
supln R;(p;; U, @) —infln R;(p;; ¥, @) < pD(V, D).
Dj pPj
]
Lemma 2. For all 6 > 0,
dInR:(p;; U, P 1 dinR;(p;; U, ® 1
sup n ](pja ) ) ‘ — sup 1 ](p]7 ) ) ) (20)
v,0 dp; DV, ®)|  yopwae)<s dp; D(¥, )

Proof of Lemma 2. We prove this lemma through a continuous interpolation. Fixing
any U, @ € [, A([]_?j, P;]), we define a continuous interpolation T(+; A) € []; A([Qj, )
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parametrized by A € [0, 1]:

o) (S5w)

Y5055 ) = 7 a0, (%(y))A

Notice that Y(-;0) = ®, T(-;1) = . Moreover,
d(T;5(5 A1), T;(5 A2)) = [Ar = Aol d (T, @5).

Thus, in our metric space, T(+;\) is an interpolation that is linear in the metric.'®

That is, for all A\, Ay € [0, 1],
We define a new function by adapting Equation (17).

EO . oln fi(pj, p—j) E Oln f;(pj, p—;)

P—j~fiT—;(5A) Opj P~ P Op;

Notice that when A = 1, this reduces to Equation (17). As k is continuously differ-

entiable, there exists 0 < A < A+ dA <1 and d\ < ﬁ such that

A+dN) —k(Q)
X

k) < | M

6Note that Y(-; ) is also a linear interpolation in the Kullback-Leibler divergence, since
Drr(®[[T(5A) = ADkr(P|¥)

and
Drr(Y[|T(5A) = (1= A)Drr(¥||®).
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This is equivalent to

R | |RQA+dN) = k()
DU, ®)| = |~ dAD(V, d)
oA B, ®) 1 | |dInRBy(p; T(5A +dA), T(52)) 1
dp; D(¥,®)| dp; dAD(V, @)
o|dn B ¥, 2) 1 ‘ < ‘dlnRj(pj;T(';AJrdA),T(';A)) 1 '
dp; D(W,®)| ~ dp; D(T(A+dN), T( )

As D(T(;A+dN), T(;A)) = dAD(V, ®) < 6, we have established Equation (20). [

B.2 Proof of Theorem 2

Proof of Theorem 2. With Assumption 1, we can provide tighter bound on the right-
hand side of Equation (18).

sup

D(¥,0)<6 dp;
Oln f;(p;, p-;
= sup / Ja(] j)[dfﬂ’—j(P—j)—dqu)—j(P—j)]
D(W,)<s | Jp_; pj
dn f;(p;, P_;) Glnfﬂpj,z_?-)} 1
< - J sup =¥ — [P
{ Ip; Ip; D(V,$)<6 2||fj 3= Ji®glley
B {alnfj(pj,p_j) - 81nfj(pjyz_9_j)} J-1
- 8pj 8pj 4
By Lemma 2,
o | AR (0 W @) 1 ‘<J_1[alnfj(pj,1—,_j>_alnfj(pj,z_n_j>
s dp; D(U,®)| = 4 ap; ap;

By the fundamental theorem of calculus, for all p;, p; € [gj,z_?j],

In R;(p;; ¥, ®) — In R;(p}; ¥, P)
D(, )

sup
U,

E
Finally, for all j € 7, all ¥, ®,

sup In R;(p;; ¥, ®) — iII)ljfln Ri(pj; U, @) < p*"D(¥, D).

by
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B.3 Proof of Theorem 3

Proof of Proposition 1. Suppose p < 1. By Theorem 1, the operator 7" is a con-
traction. This implies that F' is surjective, since for any G, we can take a U €

I1; Allp;, pi),
F(lim T"0) = G.

n—c0
Moreover, F' is injective. Towards a contradiction, suppose F' maps both G # G4 €
Il A([]_Jj,ﬁj]) to the same G. Then both G, and Gy are fixed points for operator T,
contradicting contraction.

The mapping F' is continuous by Equation (1) and (2). Take two offered distri-
butions G and G’. By Equation (2) and the definition of our metric,

dG; , . Pri(p; G) dG’  Pri(p;G")
d(F(Q):, F(G"). :1nesssup< L (p) =L )—i—lnesssup( L(p) =1
G FG) = e\ e, W b ey ) T e \ac, P P (i)
!
< Inesssup —2 (p) + Inesssup ! (p)
PE([p;.p;] dG;‘ pE(p;.p;] de
Pri(p; G) Pr;(p; G')
+1In sup (]—)Jrln sup (j—
PElp; 7)) Pri(p;G') PElp; ;) Prj(p; @)

< D(G,G") + pD(G, G)
where the last inequality is by Equation (14). Consequently,
D(F(G), F(G") < (14 p)D(G,G)

F'is Lipschitz continuous with Lipschitz constant 1 + p.
Next, we show F~! is Lipschitz continuous. Take two selected distributions G #
G e [1; A([Qj,ﬁj]) where G = F(G). Let Ts and T denote the corresponding

operator T'. Here we express dependence on the selected distribution. Note that

D(G,G") = D(TzG, Tz G) = D(G, T G)

where the first equality is by the definition of the operator T" and the metric D, while
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the second equality is by G being a fixed point of Tz. Observe that

D(TEG, TEG) < p*D(G, T G) = p*D(G, &)

D(F~Y@G), F~Y(G") = D(G, F~YG") = (G,Tgfc:)

< Z D(TL G, TEG)

<3060
1
1-p
where the first inequality is by triangular inequality. This proves that F~! is Lipschitz

D(G,G")

continuous with Lipschitz constant 1%/). O
For proofs below, it suffices to prove the case without variable x. So we shall
drop it. We next prove the consistency result (Proposition 3). The proof requires a

combination of Lemma 3-6 below. We first collect useful notations below. Let

— Zln (Probj(&, é)) /fj(p; 00)dG(p).

J
Z Yij In (PTOb;(e, é)),

Probi(6,6) = / f5(p:0)dF (G, 0) (p).

3 —

Quam(®) ==Y yi;In (Prob;(0,G,m)),
1

=1 j=

Proby(6.G.m) = [ 1,(p:0)d(T3,%)(p)

— % Z Z Yij In (P'r’obj(Q, G, m(n)))u

i=1 j=1

J
g"(2,0,G) = V, ( > i In Prob3 (6, é)),

j=1
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J
0(z,0,G,n) =V, ( Z yi; In Prob, (0, G, m(n))) :

=1
Lemma 3. F~'(G,0) is continuous in 6.

Proof of Lemma 3. Let 0,0 € ©. Let

G = F(G;0)
G'=FY(G;9)
G' = F(G';0).

As 0 — 0, by F(G';6) being continuous in 8, G — G'. By F~1(G; ) being continuous
in G (Proposition 1), F~1(G;0) — F~'(G";#). This is equivalent to G’ — G, which
is F=Y(G;0') — F~'(G;0). This implies that F~! is continuous in 6.

[

For the next lemma, we view F~1(; G) as a function of # parametrized by G.

Lemma 4. The function F~1(0; G) is equicontinuous in @, i.e., for all@ € ©, € > 0,
there exists a & > 0 such that for all |0 — 0] < 6, G € [1; A([Qj,ﬁj]),

D(F~40;,G),F1(¢;Q)) <e

Proof of Lemma 4. Since the function f is continuous on a compact set []; []_aj,ﬁj] X ©
and the image of f is in the interior of the simplex, there exists f and f,0< f< f<1
such that forall j € 7,0 € 0O, pe Hj[]_oj,]_)j],

[ <[ip:0) <[

Consequently, for all j € J, 0 € O, p; € []_)j,]_)j], Gell; A([}_)j,g_oj]),

f < Prj(p;;G,0) < f. (21)

Moreover, since the function f is continuous on a compact set ] i []_Jj,ﬁj] X O, fis
uniformly continuous. Thus, for any € > 0, there exists a ¢’ > 0 such that for all

JjeJ,pe Hj[g_oj,pj], 0,0 € © with |0 — 0’| < ¢,

|fi(p,0) — fi(p,0")] < €.
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Therefore, for all j € J, p; € [Ej,]_?j], G e[, A([Bj,ﬁj]), 0,0 € © with [0 — 0| < &,

| Prj(p;; G, 0) — Pri(p;; G, 0]

/ [£i(pi, P53 0) — fi(i 550 [] dGr(pr)

=7 k. k#j

<€. (22)

Take an arbitrary G € [1; A([Qj,]_?j]). Let Gy = F71(0:Q), Gy = F1(0;G).
Let Ty and Ty be the operator T' associated with selected distribution G’, when the
parameter is 6 and ¢', respectively: for any ¥ € [, A([}_)j,f)j]),

fp dG (y)/Pr;(y; ¥,0)

(TQ\I[)j (p) = f;: de )/Prj (y; ¥, 9)

By the definition of metric D,

PT] (p7 G97 9/)

Pri(p; Gy, 0)
TyGo. Ty Gy) < In 2220
D(TpGo, Ty Gp) < max Supn Prj(p; Go,0) |

— 7 7 In
; Pry(p: G, @) Do

By Equation (21) and (22), for all G € I A([]_)j,]_)j]), 0,0 € © with |0 — 0'| < ¢,

/

+
D(T9G97 T@/GQ) S 21n i

D(FY0;G), F~1(0/; G)) =D(Gy, T5Gy)

<> D(T;Go, Ty Gy)
k=0

< Z ﬁkD(Gg, TQIGQ)
k=0

1
=——D(TyGy, Ty G
1—ﬁ ( 06,10 9)

2 +¢€
< —In ! :
1—p S
f+e
f
€ is the desired § in the statement of the Lemma.

Finally, for any € > 0, let €’ be such that = ln = ¢e. The ¢’ corresponding to this

]
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Lemma 5. Q:‘Z(Q) converges uniformly in probability to Qo(0).

Proof of Lemma 5. By Lemma 4 and the uniform continuity of f, for all j, Prob3(0; G)
is equicontinuous in €, parametrized by G. That is, for all § € ©, € > 0, there exists
a d > 0 such that for all 0" — 0] <4, G € [, A([gj,f?j]),

| Prob;(0; G) — Probj(60'; G)| <e.

Consequently, by Equation (21), for all € ©, € > 0, there exists a 6 > 0 such that
for all |0 — 0| < 6, {2z},

>
>
I~
_|_
M

Thus, Q% (#) is equicontinuous in 6.

For all § € ©, Q*(0) converges in probability to Qo(6), by the weakly law of large
numbers, G & G, and F~! being continuous (Proposition 1). Lastly, Q*(8) converges
uniformly in probability to Qo(6), as Q is equicontinuous in 6 (Lemma 2.8 in Newey
and McFadden (1994)). O

Lemma 6. Qn(e) converges uniformly in probability to Qo(0).

Proof of Lemma 6. Pick a ¥ ~ G.17 Fix some ¢ > 0. As G & G, there exists some
d(n) — 0 as n — oo such that

D(G,G) < € with probability above 1 — d(n).

Moreover, with probability approaching 1, we have G ~ G and thus ¥ ~ G. Given
é, let

D= max DU, FYG;0)) < max D(¥, F7Y(G;0)) +
0€0,D(G,G)<¢ 9co 1—p

where the second inequality follows by for all 6, F’ _l(é ;0) being Lipschitz continuous
in G with Lipschitz constant 1%,3 and the triangle inequality. Note that with proba-
bility approaching 1, maxgee D(¥, F~1(G;0)) is well-defined, since (1). ¥ ~ G with

"Even if ¥ is not equivalent to é, Te W is equivalent to G.

53



probability approaching 1, (2). F~1(G;#) is continuous in # by Lemma 3, (3). metric
D is continuous and © is compact.

Next, I show that with probability above 1 — §(n), Qnm — Q; uniformly in
probability as m — +o00, and the convergence speed does not depend on n. Fix some
n. Note

Prob; (0, G,m) — Probi(,G) = / fi(p; 0)d(TE, Y — F1(G,0))(p)-
p

With probability above 1 — d(n), we have D(G, G) < €,

D(TZ, Y, F~1(G,0)) < p"D(V, F(G,0)) < p"D

| Prob; (6, G,m) — Prob}(0, @)} <

swmn/ﬁ@ﬂw@—rﬂm

D(@T)<p

<F-DHr s [® Ty

2 D(®,7)<pmD
<(F~ )y 70"D
=22
where the last inequality is by applying Lemma 1 to the product measure. (Here we

have an additional factor of J.'%) Consequently,

[+i(f=hHJpmD
I

with probability above 1 — d§(n).

Note this bound does not depend on 6 or n.
Lastly,

sup | Q. (0) — Qo(0)| < sup |Qn(0) — Q1 (0)] + sup |Q5(0) — Qo(9)]

0c®

where supycq |Q;(0) — Qo(0)| 5 0 by Lemma 5. By 6(n) — 0, m(n) — +o0, and

+X(f-f)JpmD
tim LA IID
m—+00 i

we have supgcg ‘QR(H) — QZ(9)| 0. Thus, supgcg |Qn(9) — Q0(0)| 20 O
18This bound is not tight.
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Proof of Theorem 3. We are ready to apply Theorem 2.1 in Newey and McFadden
(1994). (1). By the identification assumption 3, Qy(#) is uniquely maximized at 6.
(2). © is compact. (3). As Probj;(0; G) is also bounded below by f and continuous
in # by Lemma 3, Qy(f) is continuous. (4). @,(#) converges in probability to Qy(#),
by Lemma 6. Thus, 0 is consistent.

To see T ( ¥ 5 @, note that

~ ~

D(Tgé")\ll,G)SD(Tgé”)\Il,F UG, 0)+D(F VG, ), F (G, 0)+D(F (G, ), G).

The first term
D(Tm(”)\lf FYG,0) =0 as m(n) — .

The second term
D(FYG.,0),F(G,0,) %0, as 0256,

and F~! is continuous in 6 by Lemma 3. The third term

and F'is a homeomorphism by Proposition 1.

B.4 Proof of Theorem 4

Lemma 7. If Assumption 2, 3, and j hold, then 0% is asymptotically normal and
V(" = 05) 5 N(0,V).

Proof of Lemma 7. We shall first rewrite the estimator as a generalized method of
moment estimator. We let Prob = (Pfobl, Proby, - - - ,P;’ObJ)' denote the observed
frequency of alternatives. Let 1, denote the cumulative indicator vector that assigns
0 for entries p; < p and 1 for entries p; > p. Estimator 6* solves the first-order

condition of Equation (11)

1 — .
- * i,@,G :O
n;g(z )
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where @ satisfies the moment condition

1, -

- > (Prob—y;) =0 (23)
=1

J IR A

- > (Gj — i1y, /Prob;) =0 forall j € J (24)
=1

where p; is the observed selected price for individual .

For this standard GMM estimator, we can directly invoke Theorem 6.1 in Newey
and McFadden (1994). Note that our g* is their g and our (Prob,G) is their 4 in
Newey and McFadden (1994). Let

my(z;, P7:0b) — Prob — Ui,

my(z;, Prob, G) = [[G1—yal,, /Proby|, [Ga—yily,, | Proby)', - - - [G—ysel,,/Proby])

We stack g*, my, my to form g*
3" (2,0, Prob,G) = [g*(2,0,G),my(z, Prob)’, my(z, Prob, G)"'

By the proof of Theorem 3 and Lemma 5, 0* 5 0,. By the weak law of large
numbers, G 2 G and Prob % Proby = Prob*(6y,G). By Assumption 4, , € ©°.
Next, we verify that g*(z,0, Prob, G) is continuously differentiable in 6, Prob, G.

First, we verify that g*(z,0, @) is continuously differentiable in 6. It suffices to
show that Prob*(, @) is twice continuously differentiable in 6. As f is twice contin-
uously differentiable in 6, we only need to show that F _1(C;', 0) is twice continuously
differentiable in 6. By Equation (1), (2) and f being twice continuously differentiable
in 0, F(G,0) is twice continuously differentiable in 6 and infinitely continuously dif-

ferentiable in GG. Thus, by the implicit function theorem,
VoF~Y(G,0) = —[VeF(G,0)] ' VoF(G,0)

where the matrix Vg F (G, 0) is non-singular by F~! being Lipschitz continuous. Con-
sequently, F'~1 is twice continuously differentiable in 6.

Next, we verify that g*(z,@,é’) is continuously differentiable in G. It suffices
to show that F~'(G,0) is continuously differentiable in G. As F(G, ) is infinitely
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continuously differentiable in G and F *1(@’, 6) is Lipschitz continuous in G, we have
VeF ' (G,0) = [VeF(G,0) ™

which is continuous in G. Additionally, m; and my are infinitely continuously differen-
tiable in all parameters 0, G, Prob. Consequently, we have show that 9"(z,0, Prob, G)
is continuously differentiable in 6, P7:ob, G.

In addition,

E[g*(z7 807 G)] =0

by the first-order condition of Q. Since f; is bounded from 0, ||g*(2, 6o, G)|| is
finite for each z. Furthermore, as supp(G) is finite, there is only a finite possible
values of z. Thus, E[||g*(z, 6, G)||?] is finite. By §*(z,0, Prob, G) being continuously
differentiable in (6, Prob, G) and a finite possible values of z,

E[ sup ||V pio e (2,6, Prob, G)||] < oc.
0,Prob,G

The last condition we need is that

E[V97P7;Ob,é§*(z, 0o, Proby, G)]

being nonsingular. The matrix V, p.,, 48" (2, 00, Probo, G) is

Veg* (Z7 6)07 G) 0 vé’g*(za 807 G)
0 I 0
0 V proyMa(z, Proby, G I

Its expectation being nonsingular is equivalent to EVyg*(z, 6y, G) being nonsingular,
which is in Assumption 4.

We can write down the variance matrix V' by Theorem 6.1 in Newey and McFadden
(1994).

A(Z) :g* (Z7 907 G~) + (Evég*(za 00a é)) X
[(Evpgobmg(z, Proby, G)) x my(z, Proby) — my(z, Proby, é)]
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V = ( g (100, ) X EAGIAGY) % ( (B9 (2,00, ) )

Proof of Theorem 4. Recall f solves the first-order condition
L Xn: (2:0,Cm)
- 2iy Y, y ) =
[ ’

We expand this equation around 6, and solve for \/n(d — 6;)
R 1 & _

where the second summation is

—~ 1 - —~ 1 1 -
Z _g(zzu 607 G7 TL) = Z _(g*<zi7 807 G)+Op(_)) = Z _g*<zi7 807 G)+Op(1)
— Vn p Vn n — \/n
by Assumption 4 (v). Similarly,
—ngg 2,0,G,n) = ngg (2,0, G) + 0,(1).

Thus, v/7(f — 6,) converges to

(500 (=00 )Z 0 (20, G) (1)

which has the same limiting distribution as \/n(6* —6). Thus, v/n(0—6,) % N(0,V)
by Lemma 7. [

To see the convergence rate of Tgén)\lf, note that

~

D(TW,G) < D(TLW, F7Y(G,0)+D(F (G, 0), FH(G, 0,)+D(F (G, 6), G).

The first term goes to 0 at rate faster than \/n by Assumption 4 (v). By the proof of

Lemma 7, F~! is continuously differentiable in 6; as © is compact, F~! is Lipschitz
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continuous in 0. As 8 % 6, at rate Vn,
D(FYG.,0), F7(G,00)) 20 at rate v/n.

The last term converges in probability to 0 at rate y/n, as G 5 G at rate Vv/n and by

Proposition 1.
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C Tables

Table 3: Simulation Results for Utility Parameters: N = 5000

Functional Contraction Two-Step Method

Bias  Std. Dev. RMSE ‘ Bias  Std. Dev. RMSE
DGP 1

v -0.0022  0.0864  0.0864 | 0.0017 0.0917  0.0916

& 0.0028 0.0345 0.0345 | 0.0045 0.0427  0.0429

£ -0.0007  0.0412 0.0411 | 0.0003 0.0417  0.0416
DGP 2

~ 0.0011 0.0858 0.0857 | 0.0157 0.0982 0.0994

& 0.0001 0.0344  0.0344 | 0.0051 0.0510 0.0512

6 -0.0009 0.0427  0.0427 | 0.0052 0.0434  0.0436
DGP 3

~ -0.0133  0.0707  0.0719 | 0.1611 0.0984  0.1887

& 0.0019 0.0317  0.0317 | 0.0137 0.0363 0.0388

6 -0.0012  0.0414  0.0414 | -0.0002  0.0417  0.0417
DGP 4

~ 0.0026 0.1544  0.1543 | 0.0433 0.1666 0.1720

& 0.0009 0.0306 0.0306 | -0.0001  0.0314  0.0314

£ -0.0003 0.0404  0.0404 | -0.0002  0.0406 0.0405
DGP 5

v -0.0054  0.4395 0.4391 | -0.0043  0.4274  0.4270

& 0.0009 0.0304  0.0304 | 0.0010 0.0305 0.0305

6 0.0002 0.0399 0.0398 | 0.0003 0.0398 0.0398
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Table 4: Simulation Results for CDF of log(Price): N = 5000

Func. Contraction Two-Step Method

IBias?® IMSE ‘ IBias?® IMSE
DGP 1
Fi(:|zz =0) 0.0002 0.0007 0.0000 0.0040
Fy(-|zi2 =0) 0.0001 0.0002 0.0000 0.0003
Fi(-|lxip =1) 0.0002 0.0009 0.0000 0.0024
FQ(".TZ’Q = 1) 0.0001 0.0003 0.0000 0.0008
DGP 2
Fi(-|xip =0) 0.0003 0.0009 0.0024 0.0078
Fg("xig = 0) 0.0001 0.0002 0.0020 0.0023
Fi(|zis=1) 0.0004 00010 |0.0024  0.0056
Fy(-|lziz =1) 0.0001 0.0003 0.0020 0.0029
DGP 3
Fi(:|z2 =0) 0.0059 0.0064 0.0209 0.0269
Fy(-|lzi2 =0) 0.0028 0.0029 0.0493 0.0499
Fi(:|zz =1) 0.0005 0.0011 0.0037 0.0057
Fy(-lxp =1) 0.0001 0.0003 0.0143 0.0152
DGP 4
Fi(:|z;2 =0) 0.0006 0.0011 0.0024 0.0077
Fy(+|xp =0)  0.0007 0.0008 0.0272 0.0277
Fi(-|lxip =1) 0.0003 0.0012 0.0016 0.0047
Fg(']x,;g = 1) 0.0001 0.0003 0.0098 0.0104
DGP 5
Fi(-|lxig =0) 0.0014 0.0018 0.0011 0.0053
Fg("acig = 0) 0.0014 0.0015 0.0202 0.0206
Fi(:|zz =1) 0.0007 0.0018 0.0016 0.0055
Fy(-|ziz =1) 0.0001 0.0003 0.0081 0.0084

Note: The IBias? of a function h is calculated as follows. Let ﬁr be the estimate of h from the
r-th simulated dataset, and h(z) = & Zf‘:l h,(z) be the point-wise average over R simulations.
The integrated squared bias is calculated by numerically integrating the point-wise squared bias
(h(x) — h(z))? over the distribution of . The integrated MSE is computed in a similar way.
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Table 5: Simulation Results for Utility Parameters: Removing the Excluded Variable

N = 1000 N = 5000
Bias  Std. Dev. RMSE | Bias  Std. Dev. RMSE
DGP 1
v -0.0011 02082  0.2080 | 0.0018  0.0866  0.0865
§& 0.0074  0.0570  0.0574 | 0.0000  0.0254  0.0253
DGP 2
v -0.0018 02066  0.2064 [ 0.0024  0.1000  0.0999
§& 0.0033 00535  0.0535 | 0.0028  0.0264  0.0265
DGP 3
v -0.0163 01581  0.1587 [ -0.0043  0.0728  0.0729
& 0.0061  0.0542  0.0544 | 0.0007  0.0238  0.0238
DGP 4
v 0.0019 03660  0.3656 | 0.0059  0.1563  0.1563
& 0.0050  0.0498  0.0500 | -0.0005  0.0225  0.0225
DGP 5
v 0.0000 1.0797  1.0786 | -0.0146  0.4409  0.4407
§& 0.0014 00531 0.0530 | -0.0007  0.0233  0.0233

Note: In these specifications, we remove the excluded variable from the selection function, so the
parameter S in wu;; is not estimated.
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Table 6: Simulation Results for CDF of log(Price): Removing the Excluded Variable

N = 1000 N = 5000
[Bias> IMSE | IBias> IMSE
DGP 1
Fi(-|zz = 0) "0.0002 0.0018 [ 0.0002 0.0004
Fy(-|zz = 0) 0.0001 0.0003 | 0.0000 0.0001
Fi(-lzz =1) 0.0003 0.0019 | 0.0002 0.0005
Fy(-lw =1) 0.0001 0.0007 | 0.0001 0.0002
DGP 2
Fi(-|zz = 0) ~0.0004 0.0017 | 0.0003 0.0006
Fy(-|zz = 0) 0.0002 0.0004 | 0.0001 0.0001
Fi(-lzm=1) 0.0005 0.0018 | 0.0003 0.0006
Fy(|ziz =1) 0.0002 0.0007 | 0.0001 0.0002
DGP 3
Fi(-|zz = 0) 0.0058 0.0073 | 0.0061 0.0064
Fy(|ziz =0) 0.0029 0.0031 | 0.0028 0.0028
Fi(-lzz =1) 0.0006 0.0021 | 0.0005 0.0008
Fy(-lzz =1) 0.0001 0.0007 | 0.0000 0.0002
DGP 4
Fi(-|zz = 0) "0.0006 0.0021 | 0.0006 0.0008
Fy(-lzz = 0) 0.0008 0.0010 | 0.0007 0.0007
Fi(-lzz =1) 0.0004 0.0024 | 0.0003 0.0007
Fy(-lwm =1) 0.0001 0.0006 | 0.0000 0.0002
DGP 5
Fi(-lzz =0) 0.0014 0.0025 | 0.0013 0.0016
Fy(-lzz =0) 0.0013 0.0015 | 0.0014 0.0014
Fi(-lzm=1) 0.0007 0.0033 | 0.0006 0.0012
Fy(|ziz =1) 0.0002 0.0006 | 0.0001 0.0002

Note: In these specifications, we remove the excluded variable from the selection function. The

IBias? of a function h is calculated as follows. Let fLT be the estimate of h from the r-th simulated

dataset, and h(z) = & Zle h,(x) be the point-wise average over R simulations. The integrated

squared bias is calculated by numerically integrating the point-wise squared bias (h(x) — h(x))? over
the distribution of z. The integrated MSE is computed in a similar way.
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Table 7: Simulation Results for Utility Parameters: Misspecifying the Selection Func-
tion

N = 1000 N = 5000

Bias  Std. Dev. RMSE ‘ Bias  Std. Dev. RMSE
DGP 1

v -0.0793 0.1826 0.1989 | -0.0743 0.0806 0.1096

& -0.0754 0.0714 0.1038 | -0.0752 0.0342 0.0826

6 -0.0309 0.0856 0.0909 | -0.0306 0.0392 0.0497
DGP 2

v -0.0748 0.1864 0.2007 | -0.0667  0.0806 0.1045

& -0.0714 0.0727 0.1018 | -0.0742 0.0340 0.0816

6 -0.0315 0.0902 0.0954 | -0.0282 0.0407 0.0495
DGP 3

v -0.1051 0.1475 0.1810 | -0.0940 0.0650 0.1142

& -0.0789 0.0698 0.1053 | -0.0768 0.0317 0.0830

6 -0.0323 0.0887 0.0943 | -0.0293 0.0398 0.0494
DGP 4

v -0.0746 0.3249 0.3330 | -0.0584 0.1442 0.1554

& -0.0776 0.0679 0.1030 | -0.0755 0.0307 0.0814

6 -0.0263 0.0900 0.0937 | -0.0222 0.0392 0.0450
DGP 5

~ 0.0029 0.9169 0.9160 | -0.0606 0.4177 0.4217

& -0.0827 0.0667 0.1063 | -0.0801 0.0302 0.0856

6 -0.0315 0.0847 0.0902 | -0.0266 0.0381 0.0465

Note: In these specifications, we misspecify the selection model, assuming that the error term ¢; is
drawn from Logistic(0,1).
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Table 8: Simulation Results for CDF of log(Price): Misspecifying the Selection Func-
tion

N = 1000 N = 5000
[Bias® IMSE | IBias® IMSE
DGP 1
Fi(-|z: = 0) "0.0004 0.0029 | 0.0002 0.0007
Fy(-|zi =0) 0.0001 0.0006 | 0.0001 0.0002
Fi(|zz =1) 0.0004 0.0032 | 0.0002 0.0009
Fy(|ziz = 1) 0.0002 0.0013 | 0.0001 0.0003
DGP 2
Fi(-|z:» = 0) 0.0006 0.0033 | 0.0005 0.0010
Fy(-|ziz = 0)  0.0002 0.0006 | 0.0001 0.0002
Fi(|ziz =1) 0.0007 0.0037 | 0.0004 0.0010
Fy(-|z =1) 0.0003 0.0015 | 0.0001 0.0004
DGP 3
Fi(-|z:2 = 0) "0.0062 0.0087 | 0.0061 0.0066
Fy(-|zi» =0) 0.0028 0.0032 | 0.0028 0.0029
Fi(|zz =1) 0.0007 0.0033 | 0.0005 0.0011
Fy(|z =1) 0.0002 0.0013 | 0.0001 0.0003
DGP 4
Fi(-|z:» = 0) "0.0008 0.0034 | 0.0006 0.0012
Fy(-|zi» =0) 0.0008 0.0012 | 0.0007 0.0008
Fi(-|ziz =1) 0.0006 0.0046 | 0.0003 0.0012
Fy(|ziz = 1) 0.0002 0.0011 | 0.0001 0.0003
DGP 5
Fi(-|ziz =0) 0.0014 0.0034 | 0.0014 0.0019
Fy(|ziz = 0) 0.0014 0.0018 | 0.0014 0.0015
Fi(|zz =1) 0.0008 0.0058 | 0.0007 0.0018
Fy(|zz =1) 0.0002 0.0011 | 0.0001 0.0003

Note: In these specifications, we misspecify the selection model, assuming that the error term ¢; is
drawn from Logistic(0,1). The IBias? of a function h is calculated as follows. Let h, be the estimate
of h from the r-th simulated dataset, and h(z) = & Zf’:l h,(x) be the point-wise average over R
simulations. The integrated squared bias is calculated by numerically integrating the point-wise
squared bias (h(z) — h(x))? over the distribution of 2. The integrated MSE is computed in a similar

way.
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